THE OPACITY AND THE INTERNAL STRUCTURE OF THE SUN
by SHT-MTT KUNG
Prurple Mountain Obeervarory, Aesdemis Siniva

I. fntroduction

The purpose of this paper is to obtain the distributions of the temper a
ture, density and pressure from the surface fo the center of the sun on the
one hand and to get the composition, i, e the cantent of hydrogen, helinm
and lieavy elements, of the sun and the relative importance ol the proton
proton reaction and the carbon cyele 1o the contribution ol the solar energy
om (e other hand.

There are many papers, such as those of Eddieglon [1], Strim-
gren (2|, Cowling [3), Chandraselhar |4, Ledowr [51, Canadian [6] and
Soviet [71 workers, to investigate the stellar structure in general. Ounly
a fow articles, however, have heen published to deal with the struc-
ture of the :un by means of numerical caleulation. Sinee 1939 Bethe
18] and Weizsdcker [9] suggested independently that the carbon eycle
provided the stellar energy, Schwarzschild [10] first computed the solir
misdel with the eathon evele as the source ol the solar energy and obtained
the eomposition of hydrogen, helium and heavy elements for the sun. He
pmploved a simple approximate formula for the opacity law inside the sun,

Later in 1949, Harrison [11] investigated the problem again along
{he line of Sehwarzschild's, but used a better opacity formula which lollowed
generally the values obrained according to the temperature and the density
distributions of her solar model, In 1950 Epstein [12] pointed out the
im]]ur'rn.n(-g-* of the proton proton reaction 10 the eontribution of the solar
ENETEY.

Until 1953 the apacity inside the sun was considered to he wholly due
to heavy clements. Later, it was realized that the coniribution of the free-
[ree absorptions of hydrogen and belium to the opacity could not be neglected,
mainly due fo the extremely low content of heavy clements. Then  Naur
[12], later Epstein and Motz [14! have taken the free-free ahsorptions
of hydrogen and helium into consideration and computed the solar moadels,

Table 1 lists the essential results ol the solar models of eurrent authors,
All the mordels exeept one of Naur's in Table 1 are the so-called Cowling model
which has a eonveetive eore and a radiative envelope, Bach model has a
common assumption that the mean molecular weight is the same inside the
sun. The validity of this assumption depends wholly upon the thoroughly
mixing of the material hetween the core and the envelope, otherwise 1he
mean molecular weight in the core will be higher than that in the envelope
due to the more elfective transformation of hydrogen into helium in the

& Fpstein misused Mre. Harricon's results and reached a conelusion which ex
aggerated the importance of the profon-proton react iom in his article, but his general
conclusion s still troe.
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Table | Hesults of Cogrent Solar Models
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[Ap.J 117, 311, 1H53)

core. Whether is there thoroughly mixing of the material inside the sun is
not settled. However, Greenstein and  others [15] pointed out that the
appearance of heryllium and lithinm in the solar atmosphere seemed in favor
of non-mixing,

We have investigated this problem in general along the lines of the pre-
vious works except that we assumed the mean molecnlar weight in the core
different from that in the envelope. Since 1955 we have computed a series
of solar models with both the proton-proton reaction and carbon evele as the
source: of the solar energy. The latest data of nuelear reactions given hy
Fowler |16, 20| are employed. In the computation of opacities accordingly
to the temperature and the density distributions of our assumed models, we
found out that not only the free-free absorptions, but the bound-free absorp-
tions of hydrogen and helium should be faken into aceount as well in the outer
layers of the sun, where the temperature is lower than 2 108K, This is
partly due o the extremely low content of heavy elements, 0,1 per cent
in our model and partly due to the fact that at low temperatures the peak
of energy distribution of the Planckian funetion shifts to the longer wave
length and thus the photo-ionization of K and L electrons of hydrogen and
helinm plays a leading role in contributing 1o opacity, as pointed oul by
Keller and Meyeroft [17].

The values of opacity are computed aceording to the density distribution
al assumed] models at 14 points with assigned temperatures. The solar model
with a hyvdrogen content of 82,5 per cent gives the value of energy generation
very close tothe observed one, apart from that the values of density distribu.
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tion of the resultant model is much higher than that of assumed mode
al the region near the surface, This will produce the same order of diserepancy
between the values of opacity of the resultant and assumed models; and, =0
we have to start new models. From suecessive computations with dillerent
density distributions we obtain an empirical relation between the density
distributions of the assumed and the resullant models, 7L can be stated gene-
rally as [ollows : the higher is the values of 1he density distribution of the
assumed model, the lower iz the values of the resultant model, With this
emperical relation in mind, it is easicr for us to assume a density distribution
more close to the one of the resultant madel.

1. The Opacity of the Sun

The opacity # is defined by

F1 1 dB,
l E, (1— ety g @
1 il -
= 4 | ()
l-dﬁ"n’-r'
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b
where B, is the Planckian function, b, is the absorption coefficient per gram
at frequency v and the other quantities have their usual meanings, According
to Strdmgren’s computation (18], # can be writlen as

WL LU >
#= 3,00 x 1*-'23'51_91 1A-X)—; 2}

R T

I, [y are, the compoesition, respectively, for the adopted eomposition and
for the Russell mixture,

: S el : 1
A : {3=86; (3]

A

¢z, the pereentage in the composition of certain element whose atomic number
and weight are, respectively, Z and 4. T in formula (2) is the guillotine factor
anid ealeulated by the following formulae
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On applying the above formulae 1o obtain the guillotine factors, we
compute them according 1o the following two principles : (1} in the compuia-
tion of the absorption coefTicienis we, taking into account the effect of {he
excluded volume, have included only those terms having quantum nnmber
7=l 4 (2) with regard to the depression of the continuum we have exeluded
the terms having quantum number, # > 2 for the bound-free ahsorption
of hydrogen and helium when the density is high. This latter limitation is
not important for the solar model heeause the hound-free absorptions of
hydrogen and helivm become negligible due 10 the inereasingly high tempera
ture when the density is high.

The composition of heavy clements we have adopted 1= 40 per cent
Huszell mixture and 60 per cent oxyeen. As the values of composite factor
for heavy elements, hyvdrogen and helium are, respectivelv, 4.8 1 and 1, we

have the resultant £, al », as,

b = 4,8 c:B, [%]_frj“ r{"_f&}'T (E J””[‘TE] 1 (8)
1
where = 48e.+ (Cr +Cre) ¢ 1
The values of guillotine factor so computed at 14 assigned temperatures and
at proper values of /&7 for including the remperature-density poinds of our
maodel are given in Table 2, The resultant opacities consisting of the atomic

Tuhble Guillotine Factom Loy, v and Densities Lz e foe e Erpnclibrinm el of 1thie San
X = D820, ¥V =0179, Z _ H.001 (B oxvan gl 40 Tussell mistuee|

T 1) =85 e loiry, 7 WET tog, T b
| ypate el G | S _:-v.'h'.:ll'-l i

LIREIRTE) = 1,123 | ] ‘ L.l 4430

0,625 fi ‘ 1,670 7 HiA L]

0,714 [ 1,714 7 5,000

geas. | B 1,751 5 | 9181

1,000 ‘ B 1,542 6 2,452

2, 4 1. 8R50 bl Lodis

3 M 3 2110 4 1

SAMHy 2 2,049 + 2 0870

0001 2 | 2 250 1 2 1,130

75000 | i e 1 3 | 2 1,410

R 1 2376 | - | 1,510 1,047
10,00} 1 2277 2 2 | 1,704 1,730
12,00} 1 | 2380 2 & 1,350 1,855

opacity and electron scattering are obtained by means of the tabulated values
given by Morse [19]. The values of the resultant opacily are represented by
the following four equations -

loge, = —1,0633log T - 70800  log T < 5708

log 2, = —0.5588 log T — 41649 5,796 <~ log T = B0 ]
log #y = —0.2160 log 7 + 21077 6,000 < log 7 < 6,301 | '
log #y= 08213 log T — 50223 8301 <7 loe T
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In the current works ihere are three papers in which the [ree-lree
ahsorptions of hydrogen and helium have falken into consideration. The correct-
ness of their formulae 1o combine the opacity of heavy elements and of hydro-
gen and helium is worthy to be discussed. Nawr's opacity formula [18] is

% = 3,45 % 10% (1 4 X) ZoT' -5
{ (1)
+ 2,7 % 10% (1 + X} (X 4 ¥)eT 35+ 03(1 + X},

in which the resultant opaeity is equal 10 the sum of the opacity of heavy
elements, that of free-froe absorptions of hydrogen and helinom and 1.5 times
the seattering of the electrons. Next, the Abefl’s opacity formula [20] is

ot : Fo =38 L 0.3(1 4 X)
T (11}

=139 % 108(1 + X)(1— X — F) 4 4,10 x 102(1 - X)(1 4+ ¥),

in which the resultant opacity is equal 10 the sum of the opacity of the heavy
elements, 1.5 times thai of the free-free absorption of hydrogen and 1,5 times
the seattering of electrons, Actually, the resultant opacity, as given by equa-
tion (1), is equal to the weighted harmonic mean of absorption cocfficienrs
of various constituents and electron seattering, and naturally, will not be
equal to those given by their formulae, Therefore, both Naor and Abell did
not employ their formulae just given, in actual computation of opacity, but
used the more general ones as indicated in our Table 1. Furthermare, Sfram-
gren’s empirieal formula (2) for the resultant opacity (i, e the larger value
plus 1,5 times the smaller one) consisting both of the ahsorptions of heavy
elements and of eleetron scattering is good approximately for the case of
ecarly B-stars, It is questionable whether it ean be applied as well for the
(i Aype star such as the sun and even more doubtful when it is applied 10 the
case for the freefree absorptions of hydrogen and helium,

Epstein and Motz [14] combine the free-free absorption of hydro-
ven with that of heavy elements 10 get the guillotine fuctor 1. Their opacity
formula is given by

=00 0¥ P51+ X)(1 —X —}'}—l—. {12)
f

As to check our eomputation we have computed the opacity according to

their composition (X = 0,931, ¥ = 0,067 and Z = (4,002} and the tempera-

ture and density distributions of their model. With equations (2) and (3)

af the present paper, we obtain

1,0076
6

® =305 108 ['T-'T'a“-_‘-{}i' (13)
X

Since {1 — X — ¥) = 0,002, the relation between { and 7 is
Logy, 7 — 1,924 — Log,,!. 114)

The values of log,, T obtained from |14 ] and thase of us are tabulated in 1ahle
3 in which lor the purpose of comparizon both values, besides consisting of

=
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the absorptions of the heavy clements and froe-free absorptions of hydrogen
and helium, the one with (with the bracket (b)) and 1he other without the
boundfree absorptions of hyvirogen and helium, are included. From table 3
one ean sec, there are quite differences between the two sets of the values
of Logg,T.

Tulle 3, Comparison of the two sets of values of Lo, T, for X L0341, ¥ = 0067, # = 0,002
T F Wk Kung E & M Wik T Ko | &&a
025 6 1,774 1,804 [
i [ 1,621 (by*
14 : i 1,404 L& 5
1,667 ()
1,433 a 1,594 1,712 i 1,915 1.741
1,500 () | LB9E(hy |
14 i 1.baa 1604 6 | 1oH1E | 1.@sm
1,793 (b | 1,700 (1)
#.000 a | zzor | 2944 4 1,500 2148
| 1 2,019 (1) 1524 (b
Ty LMY i 18T 2008 | 4 2,122 2,380
2307 {h) | 2,122 (b
.00} [ a8 2132 ERG
2,122 (b)
|

* The values with beacket (b} contain alze (he contribution of the
boumd-free absorptiovns of hvdeogen and helinm.

Furthermore, some values of # (i, e. » in Epstein and Motz’s paper)
obiained hy equation (6) of their paper by emploving values of # in their
Table 2 vorresponding to the temperature and density distributions of their
model have appreeiable differences with those obtained by equation (51 of
their paper. (The second formula of equation (5) has a printing error. The
constand should be |-0,588, instead of —0.588). These two sets of values
should have little difference. They are shown in Table 4,

Table 4, Values of Log, =

| 714 | 11 A 1.0 | 5.4 ‘ T i i i
Fram (i) 0,194 | 087 1171 | 0380 | 1,144 L9457 0208 | 1,825 1510
| o -—
From (1) 0,707 | 0841 | 0,562 0467 | 0,153 | o041 | Ioos | o2 1,727
Differenco < 087 |-i-,f!:t:': | 008 | 087 | 009 S ' 4239 | 4,083 017
|
| |
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Aceording 1o equations (5) and (6) of this paper, it is evident thal the
values of Log,y v at the same temperature should decrease as the values of
w inerease. This s clearly illustrated in Harrison's Tables (11). 1t is rather
perplexing to read some valyes of Tog,t in Table 2 of Epstein and Motz's
paper that al 7 = 0,625, 0,833 and 1x10f degrees, the values of Low,t
at w/kT = 5, 6, and =o increase with the values of /&7, instead of decreasing,

1L, The Structure of the Sur

The differential equations used in this investigation are based upon
the following assumptions :

(1) The sun may have a conveetive core or an isothermal core or no core
at all. If a convective core exists, the material inside the core, like an ideal
was has a value of p = ¢, /ee = 530 I an isothermal core exists, the material
inside the core has exhausted its hydrogen and so generates no energy, The
material outside the core is in the state of radiative equilibrium.

2y The mean molecular weight of the core must be lalg’e: than, or at
least eqqual to that of the envelope.

(3) Madiation pressure can be neglecled

i4y The thermal nuclear reactions operate both in the eonvective core
and in the radiative envelope,

The assumplion {4) iz introduced because the proton-proton reaciion
generates energy tather effectively under lower temperature range (107°—
1,3 . 1077, Sinee the rate of energy generation depends on the content of hyero-
gen and nitrogen, we must assume hefore- hand the content of by r_irr‘ag('ll andl
heavy elements so as to carry out the numerical integration in the envelope.
Thus the problem is solved 'h}' suceessive sleps point by point.

The four differential equations are

]
g N E‘J_E (15)
.fj'r' j,-E
d-f--[!]-—w—l’.’!fgg_. t.lﬁ'}
i
-dL-{L)-—_-‘i-nrzgj(EP—E(}, £1T)
i r
I .
_rf{_{ } S A o L.{” , radiative cquilibrium (18q)
i e At
1 dFP 1 4 :
i e e £, convetive eqquilibrium ( L5et)

P r.;'-r " opodt

Where €,, € are, the energy generated per gram per second, respectively,
by the proton-proton reaction and carhon cycle. The other quantities have
their usual meaning (4). As usual we anlu:.‘ the non-dimensional quaniifies
as follows :

G eH M
kB

o M) =gM, r=2zR, Lr)=yL 19)
P (¥} =g (ry=y {

SR

L]

g
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The energy generation equations {16] [20] can then be put in the following
forms :

: e P GRS M : (204)
€ — 4,05 3 10 Byy (1— X — ¥) Xprva | 2 — € e,
¢ Xow | P 1050 R o= L
. M [ pH GMa
Ep =042 » J0r8XE_ L 2ty - e e ;
i tam sk g | PTG (o)

Whers yew is the portion of carhon plus nil rogen content. in the heavy elements,
we take yen 6.2,

In the process ol numerical integration when logy = — o, Adlogt = 0,
it means that the energy generated outside the sphere of the radius in fuestion
attains the total energy of the sun. If the solution of the isothermal core does
noi exist, it infers that cur assumed model is wrong, Quite a fow models we
assumed are such case of over produetion of energy,

When the value of o (log p) /i (log ) decreases and is equal to 2.5 in the
integration, it speaks that the htJLII‘I(]u]‘}' of the conveetive core is reacher.
With the values of £, p and g at the interface we can ealeulate the ratio of the
values of non-dimensional quantities £7 and V7 by usual means. Then the
Kmden variable £ corresponding to the radius at the interface by finding
in Emulen table the ratio of U and T oegual 1o that just found, The relations
hetween the Emden variables €, £ and our previous ones are ;

e i N Ak b e
o e R
v 0 P M
¢ = 0y G5 — 1 o 1.5 g
7 o3 =y ap @t (21)

'J'—:JTR—E;[.H;

=
2.

where subindex f indicates the value at interface and w is the ratio of the mean
molecular weight in the core to that in the envelope. The total enerey generated
inzide the core is

£
e
s X, e LM e b l“'" l @3 g2 e
X. ), Llensg ] (&) |
v TEET
3 (22)
" v N o s o
x: "le)  Llewsr| [g
1}
where X. X, are, respectively, the hydrogen content in the core and in the

envelope.

After a series of trials, linally we obrain a satisfactory solar model in
which the contents of hydrogen, helium and heavy elements are, respectively,
by weight, 00820, 0,179 and 0,001 in the radiative envelope and in the con-
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veetive core are, respectively, 0,779, 0,220 and 0,001, The assumed values
of density distribution agree very well with the resuliant ones ; the differenees
between {he logarithms of the corresponding ones are all within 0035, They
are shown in Table 8. The characteristics of the present solur model are given
in Tahles 5 and 6,

Table 5, The charvacieristics of the present solar model

et | Coayestive Do Haliative Enw
S | XaiF oF o B2 1TH:] K F1E =100 ]
bt |
- | i, | Menn M ey
la, | W, | Wi, aenerare
gl H iy o (L— T
1.403 1000 o 0 JRI2G U L i 01,3800 00634 ‘ 0,473
| |
Tahls fi. The varions guantities at the interfaoe
4 Py T § | dEr o I - v -
i T Agnesfom? (e i | LiE PI P Foi L] af

| 2,7942 —0,58833

| EL 43455 1,493 : 1,245 | 0,98060 | —0,25081 4 2.71544| 1-0,57154

From Table 5, we know that the energy generatod inside the core amounts
a0,6 per cent of the total energy of the sun, while the encrgy generated in 1he
envelope reaches 64.7 per cent. The sum of them is 933 per cent, aboul 5 per
eent less than the observed wvalue, The madel with a hydrogen content of
425 per cent resulls overproduction of energy. Unless there is conveetive core
or isothermal oceurs, there would not have any appreciable change for the
present solar model if the above 5 per cent of energy diserepancy is eliminated.
This is clear when one read the run of the values in Table 7, of the charac-
teristics of the three models closest to the present adopted one

Tuble 7.  Chasseteristics of 3 models closest to the wdopted solor model

|
M Contenl, X |

Energy weuerutmi | AL the Gertey

rons | e 0 1 ] op Bl

W
i : z :
i1, 800 niaza | 0,330 | 0.4476 1,352 226 1,640
010 01187 01,4236 4735 1,357 EER 1,454
0,415 | 01101 5020 04118 1,489 LR RY 1,580

It is well known generally that the error in the energy generation for-
mulae due to the extrapolation of experimental data is much higher than 5
per cent_ And the same might be true for the current method to compuie the
opacity. 11 is, we think, quite justifiable to regard our result as an equilibrium
madel

Sinee the radiative envelope produces about 65 per cent of the lotal
solar energy, it i not surprize to find the ratio of mean molecular weights
in the vore to that in the envelope elose to 1, namely g/, = 1,028 This
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means that our solar mode] has little difference with the model which assumes
a single value of mean molecular welght throughout the core and the envelope.
From the comparisen of our result shown in table 5 with those of Naur, and
Epstein and Motz, tabulated in table 1, one finds that the hydrogen content
ol our model is intermediate hetween theirs. The central temperatures and
central density both are a little higher than theirs.

The model of Epstein and Motz who have taken into account of the free-
free absorption of bydrogen and computed opacity aceording to the density
and temperature distributions of the solar model should be ¢lose to the true
state inside the sun and should he comparable to our model, The hydrogen
content of their model is much higher, more than 10 per cent, than ours.
Thiz may be due partly to (1) the different energy generation laws that we
{‘t[]i'}llU\. a new one for proton-proton reaction 1&111(11 generales eneray about
1,4 times slower than theirs, partly 10 (2) the incomsistence of their opacity
laws mentioned above, and partly to (3) the including both of the houne-
frec and free-free absorptions of hydrogen and helivm in our model while
only the free-free absorption of hu]mw-n is considered in theirs.

Table 7 gives the values of numerical integraticn of 1he present solar
madel.

The writer iz indebted to Mr Ching Lee lor his  assistance in
computation in the first part of the work and especially to Miss Hateh-chen
C'hen who did the most of the compuiation in this investigation.
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